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Abstract: The complex viscosity of microemulsions shows relaxation processes of 
which the largest relaxation time is about 10 -5 s or less. This time can be attributed 
to relaxation of stresses in the surface of emulsion droplets pertaining to interfacial 
tension. Superimposed on a spherical droplet surface shape fluctuations can occur 
due to thermal energies. Our aim is to show the influence of thermal shape fluctu- 
ations on the complex viscosity of emulsions. The method used in the derivation has 
also been applied to inflexible rods to demonstrate i sfeasibility by showing the for- 
mal rheological equivalence of in length thermally fluctuating rods and Rouse's 
simple model of polymers. The emulsion results have been applied to a dilution se- 
ries of a non-ionic microemulsion. 
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1. Introduction 
In the fifties fundamental research on the linear 
viscoelastic behaviour of (semi)dilute polymer solutions 
got great impetus to which Rouse's [1] and Zimm's [2] 
theoretical work and the possibility of the measure- 
ment of the complex modulus of these systems ignifi- 
cantly contributed. 
The development of fundamental research of the 
linear viscoelastic behaviour of a counterpart of 
polymer solutions in dispersion rheology is quite 
different. Though the first theories on e.g. dilute 
emulsions given by Oldroyd [3, 4] also appeared in the 
fifties they were neither accompanied nor closely 
followed by experimental corroboration. The reason for 
this can be attributed to an experimental difficulty 
concerning ordinary emulsions. The largest relaxation 
time ~ for an ordinary emulsion droplet with an inter- 
facial tension 7 can be estimated as r ~ a~l/~', where a 
is the radius of the droplet and r/an effective viscosity 
close to the viscosity of the emulsion. For an ordinary 
emulsion a ~ 10 .5 m, ~ ~ 10 -2 N /m and , /~ 10 .3 Pa s. 
This gives r ~ 10 -6 s. 
In an harmonically oscillating shear experiment with 
angular frequency co the reciprocal wave number is 
)~ 1 ¢~_  (G'Z+G ''2) 
2~z=~ • ~ V(G,2+G, ,2 )+G,  , (1) 
with 2 the wave length. 
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Here G' and G" are the real and imaginary parts of 
the complex modulus respectively and Q is the density 
of the liquid. At co = 1/~ this length is at low volume 
concentrations about 10-6m. Consequently no bulk 
properties can be measured for ordinary emulsions in a 
dynamic shear experiment. 
In the seventies the situation changed. On large scale 
information on so called microemulsions became avail- 
able. If droplets of these emulsions are almost spherical 
they have a radius between 10 -8 and 10-6m while 
their interfacial tension is probably small (10 -4 -  10 -7 
N/m). In addition it turned out to be possible to make 
emulsions with a radius of about 5 .10  -8 m [5]. In the 
mean time adequate apparatus development [6] en- 
hanced the possibilities for the investigation of 
emulsions. As well for emulsions with small radius [5] as 
for microemulsions [7, 8] corroborations could be given 
for the notion of linear viscoelastic behaviour of 
emulsions due to interfacial tension effects. A striking 
feature of some microemulsion results in particular [7] 
was that the complex modulus showed more than two 
relaxation times which could not be accounted for by 
Oldroyd's theories. There may be several explanations 
for this phenomenon. In this paper the concept of the 
influence of thermal fluctuations of the droplet surfaces 
is pursued. As may be envisaged a complete theory 
cannot be given easily. A method to derive the com- 
plex modulus G* is proposed. It incorporates a number 
of essential aspects which would also appear in a 
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sophisticated theory. The feasibility of the method has 
been demonstrated in section 3 for a dilute system of 
inflexible rods which can be mapped onto a simple 
(Rouse) model for dilute polymer solutions. The appli- 
cation of the method to emulsions reveals the possible 
existence of in principle infinite normal modes. The 
relaxation strengths of the modes are derivable from 
the stored elastic energies. The present results are valid 
for infinite dilution and contain as a special case the 
behaviour given by Oldroyd [3]. Assuming that the 
normal modes of the droplet surfaces are also present 
at finite concentration, the formal behaviour at finite 
concentration can be given with two. addit ional param- 
eters. 
2. Method 
As representative for linear viscoelastic behaviour in this 
paper the complex shear viscosity or complex shear modulus 
is considered. With aid of interrelations among the linear 
viscoelastic functions other representations can be derived [9]. 
The reflections are restricted to liquid systems which are 
Newtonian at infinitely long time scale and are still viscous at 
infinitely short time scale. Then the complex shear modulus 
G* and the complex viscosity t/* are given by [10]: 
G, = i ~o tl~ + ~ G l i co zl =i~or/* 
t l+ icor t  
In this formula co is the angular frequency, ~/ represents a 
viscosity, r~ a relaxation time, and Gz a relaxation strength. 
The first assumption is that in the fluid constituents 
(solvent, solutes) can be discerned to which well defined 
properties are assigned which determine the quantities r/~o, Gt 
and ft. Next it is assumed that the motions of solutes can be 
decomposed in modes of motion which are specific for the 
configurations of solute properties and elastic and viscous prop- 
erties involved. As these modes of motion are most con- 
veniently expressed in normal coordinates ( ee e.g. [11]) they 
are sometimes called normal modes. 
Due to thermal energies the configuration of a solute is 
such that it fluctuates tatistically about some equilibrium 
configuration. On the basis of the modes of motion one can 
calculate rz. The relaxation strength Gx is calculated by means 
of an elastic energy consideration of the solute configuration 
in a normal mode. It involves two steps: the calculation of the 
elastic energy of a normal mode for co --* oo and the relation- 
ship between the microscopic stored elastic energy and the 
macroscopic stored energy. The viscosity t/~ for o) --* oo is the 
limit viscosity when all the relaxation processes (in case of a 
finite number) are fully excited. Its calculation is a well known 
problem and is not part of this paper. 
3. Inflexible rods 
3.1 Polymer model mapped onto an inflexible rod model 
Firstly a polymer model is outlined. The polymer 
solution consists of polymer molecules dissolved in a 
Newtonian fluid with viscosity r/s. There are n mole- 
cules per unit volume each consisting of  h N monomers. 
The molecules can be thought to be divided in N sub- 
molecules of h monomers chosen such that the end to 
end orientation of a submolecule is independent of the 
others. The number n is so small that the l inear visco- 
elastic properties can be considered to be the sum of the 
single molecule effects. In addit ion the submolecules 
have no interaction with each other neither by volume 
nor hydrodynamically. The solute molecules are in 
thermal equi l ibrium with their surroundings. As a 
consequence a part of the polymer molecule between 
two points sufficiently far apart acts as a Gaussian 
spring with spring constant 
3kT  
p b2 (3) 
if p is the number of submolecules between the points 
and pb 2 is the average of the square of the distance 
between the points. Each part of the molecule is 
statistically fluctuating in conformation and position in 
space. A submolecule possesses a friction coefficient f0 
which is defined by: 
F = f0 ~t (4) 
Here ~/~t  is the relative velocity of the submolecule 
with respect to the undisturbed applied flow at the 
position of the submolecule and F the force needed to 
maintain this velocity. 
In first approximation such a molecule can be 
conceived as a one-dimensional inflexible rod with 
length L along the z-axis with an elastic constant K per 
unit length defined by 
=/~ ~-  (5) 
and a friction coefficient 2 per unit length defined 
analogously as f0. In (5) ~ is the stress, z the coordinate 
along the rod and ~ the displacement at z along the 
rod. This model is identical to that of Gross and Fuoss 
[12] who demonstrated that the relationship between cr 
and a harmonic deformation ~/~z is of the same form 
as the linear viscoelastic behaviour of a polymer 
solution according to Rouse [1]. The equation of 
motion (inertia terms neglected) which apply for waves 
in such a rod is 
~2~ 2 ~ q2= )~ 
~Z 2=q ~ with K" (6) 
Due to thermal motion displacement fluctuations can 
occur along the inflexible rod. The displacement ~ at 
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position z0 and time t can be given by 
d (z0, t) = ~ At (t) [cos bt zo + Bl(t) sin ct z0] (7) 
/ 
because the sine and cosine functions constitute a 
complete set of orthonormal functions. If the thickness 
of the rod is taken infinitely small no forces can be 
executed at the end points (O~/Oz=0) then eq. (7) 
reduces to 
 (z0 cos( z0), 
The coefficients At can be considered as the normal 
coordinates of the modes of the rod. When the rod is 
deformed in a pure straining motion with a rate of 
strain given by 
0 0p 
2 
0 D= 0 2 
0 0 +~ 
(9) 
which has a solution 
A}(t)=A}(t0)exp - ( t - t0 )  \ l~z] ] 
and gives as the relaxation time 
rt = \~-- ]  • (14) 
Now the mapping of the parameters of these times to 
that of the polymer molecule raises a problem which is 
due to the Gaussian character of the polymer spring. 
The spring constant between two points of a polymer is 
not independent of the choice of the points (see (3)). 
The force direction in the rod is in all modes either 
anti-symmetric or point symmetric with respect o the 
centre of the rod. This implies that the deformation 
pattern is identical in each half of the rod. Transferring 
this fact to the case of the polymer molecule the 
relevant spring constant is completely determined by 
the half of the molecules. Consequently the relevant 
spring constant of the molecule to be mapped on 
K/L is 
the shape of a rod along the z-axis is in the first 
approximation given by 
I z= Zo+ ~Alcos  ---~z 0 ( l+e ' )  (10) / 
where e' is proportional to the applied strain e. Thus 
('÷) z = z0 (1 + e') + ~ Az(1 + e') cos z0 
/ 
In a harmonically oscillating flow e' will depend on the 
angular frequency co and be different for each I if co is 
finite. For co ~ oo each part of the rod moves affine 
with the flow in first approximation. Thus e' (co ~ oo)= e 
and the viscosity qoo of the solution with infinitely thin 
rods for co --* oo will be the viscosity ~/s of the solvent. 
3.2 Relaxation times of the polymer normal modes 
To find the characteristic times with which excited 
modes relax one can apply in a thought experiment a 
A'l(t) cos{ J~z)at  time t= to and then deformation 
calculate the relaxation time. When this shape is 
substituted in eq. (6) one finds 
- - -  A ) ( t )  = q2  (12)  
dt 
3kT K 
I 2 ' (15)  yNb L 
The friction is unequivocally mapped as 
foN=,~L.  (16) 
Consequently it follows that the relaxation times of the 
polymer molecule are with eqs. (6, 14-16) 
N2 bZ fo 1 
rt= 6zc2 kT. IT. (17) 
According to the deformation in (11), however, there 
is the possibility of another process. It is pertinent o 
the elongation of the rod 
z = z0(1 + e'). (18) 
The characteristic time of such a deformation cannot 
exist in a polymer because it is impossible to apply a 
homogeneous elongation along a polymer molecule. It 
can be demonstrated to be equivalent to the relaxation 
process of a Hookean dumbell (see e.g. [13], p. 490 with 
2 ~ = 2 L and K/L  = H). 
3.3 Determination of the polymer elaxation strengths Gt 
The elastic energy stored at time t in a normal mode 
while the fluid does not flow is given by 
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In a harmonically pure straining flow if the rod lies 
along the z-axis it becomes for co ~ oo (eg = 6') 
1 K 2 / l g~ 2 
w;(o= 7-;tA,(t)(1 + IT) (20) 
The coefficients At(t) are of thermal origin. The equi- 
partition law allows to assign to each mode averaged 
over an infinite number of units a specific thermal 
energy. Here one deals again with the problem of the 
mapping of the vibration characteristics of the rod to 
those of a polymer. In section 3.2 it was made clear that 
for the dynamic behaviour the properties of the half 
of the molecule are relevant. Between the centre and an 
end of the molecule a Gaussian spring acts, to which to 
each mode of motion a thermal energy of -~ kT should 
be assigned because of its three-dimensional character. 
Apparently averaged over all the particles for the fluid 
at rest it holds that 
3.4 Discussion of the polymer solution results 
According to the previous sections the complex 
modulus G* of a polymer is given by 
G* = i co r/* = ico ~/s+ ~ Gt - -  
l 
with Gt = n k T and 
fo NZ b 2 1 
Zl = 6~2k T 12 (1 >- 1). 
(27) 
i co zl 
1 +icoz  i 
(28) 
This modulus is identical to the approximation for 
large N derived by Rouse. The seeming primitivity 
of the rod model suggests that it may only be con- 
venient to derive the results of the simple bead-spring 
model of Rouse. Mijnlieff [14], however, has demon- 
strated that subtle reasoning can extend it, e.g. taking 
into account he non-ideal statistics and hydrodynamic 
interactions. 
1 K . 2 " [ I~ \2  
< w,> = TZ <A,(t)> = 3kr  (21) 
If the orientations of the rods in space are randomly 
distributed the orientation averaged squared strain is 
1( 
g2= T ,~2 -b 7 "1- =16'2.  (22) 
The energy I4/[ (t) is averaged over all rods and their 
directions. The linear term in e' represents the asym- 
metry in energy for a predeformed rod when deformed 
with 1 + e and 1 - e which averages out in a harmon- 
ically oscillating flow. This term is omitted here and 
that is consistent with the assumption that macroscop- 
ically the material is not predeformed. Thus 
1 K 1 (23)  (W}( t ) )=~(AZ( t ) ) ( l  +-~ e2) (J-~) 2. 
Using (21) it follows that the extra stored energy due to 
the flow for one molecule in each mode if co ~ oo is 
kT e 2 . (24) 
Macroscopically the stored energy in a pure straining 
motion per mode per molecule is 
3 1 
- -  G l e 2 - - .  (25) 
2 n 
Thus 
Gt = n kT. (26) 
4. D i lu te  emuls ion  
4.1 Model 
The emulsion is conceived as composed of two 
Newtonian fluids with viscosity ql and ~/2. The fluids 
in contact with each other exhibit a constant interracial 
tension y. The fluid with viscosity ~/2 is dispersed in the 
other fluid as droplets which equilibrium shapes are 
spherical. They are monodisperse with radius a and take 
up a volume fraction q5 which is so small that the linear 
viscoelastic properties can be considered to be the sum 
of the single particle effects (no interaction effects). 
The interface between the liquids is assumed to be one 
system with two geometrical degrees of  freedom. The 
interfacial energy of the spherical equilibrium shape is 
4 ~ a 2 y. If the interface is in thermal equilibrium with 
its surroundings fluctuating deviations from the 
spherical shape will occur. Using polar coordinates 0
and ~b its shape at time t can be given by 
R'(O,O,t):a[1 q- ZA lm(t )  Ylrn(O,~)] (29) 
l, m 
because the spherical harmonics Ytm constitute a com- 
plete (orthonormal) set of functions. In (29) m = 
- l, - / + 1 . . . . .  l and for the complex conjugate A}~m of 
Alm it holds that A~m= (-1)mAl_m . The condition for 
(29) to be valid is that the shape R' (0, qS, t) is a single 
valued function of its parameters. 
For small deformations the extra interfacial tension 
energy due to the fluctuations i given by (see e.g. [15]) 
=1 a2 ~ (l_ l)(l+ Z)Atm(t)A~m(t). (30) W~,t,m(t) : y 
I ,m 
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Note that in this approximation Wv, l, m = 0. The coeffi- 
cients Aim can be considered as the normal coordinates 
of the motion of the interface. According to the 
equipartition law a thermal equilibrium, the value for 
each independent mode averaged over all the droplets 
should be equal to i kT, in formula 
(Wxl, m) = I: y a2(l - 1)( l+2) (A,m(t) A~m(t))=i kV. 
(31) 
In a pure straining motion, which has in polar coordi- 
nates the Y2,0-symmetry, eq. (9), one expects in first 
approximation that the new shape will be given by 
R (0, 05, t) (32) 
= a I1 + • [Arm(l ) Ylm(O, 05) (1 + e~m I720(0, 05))1/ 
t 1, m J 
where e;m is proportional to the amplitude of the 
applied strain e. Just like for the polymer in a harmon- 
ically oscillating flow e~m will depend on the angular 
frequency co and be different for each l m if co is finite. 
From eq. (32) follows that a flow field with Y20 
symmetry can change the magnitude of the normal 
coordinates. Mathematically, the new shape can be 
written as 
(t) = a / 1 + e~0 ]120 + ~ Arm (t) Ylm R 
t l, m 
in V, dS is a surface element, u is the velocity, n is the 
normal at the droplet surface and Un denotes the 
second-rank unit tensor, having components 6ij-r/ i  rtj 
in a Cartesian-frame of reference. For the linear part of 
this stress tensor one is interested in that part of the 
particle contribution which is proportional to (D). 
Having chosen a flow field with I120 symmetry, eq. (9), 
it should be of I120 symmetry. At the interface the 
boundary condition 
[a]' n = y n div n (36) 
for the flow applies. In eq. (36) [a] is the discontinuity 
of the stress tensor at the interface. In a harmonically 
oscillating flow field the increase of co has a con- 
sequence that for sufficiently large values of co the 
tractions on either side of the interface are much larger 
than their difference. Then the direct influence of y 
(last term in (35)) on the viscous properties disappears, 
but its influence on the equilibrium shape, being 
almost spherical, is still taken into account in the 
calculation of the term in (35) proportional to r/2 - th. 
Accordingly the deformation ~m increases till some 
finite value for co ~ oc. If the relation 
2 
[p 1 ] .n= Yn- -  (37) 
a 
holding for the equilibrium shape at rest is subtracted 
from (36) the left-hand side goes to zero for co ~ 0. 
I+2 , ( (21+1) 5 ) I /2  
+ Z Z Arm(t) elmk4~7-+-l)  
l,m k'=ll-21 
or { ( '+21 R (0 = a 1 + ~o r'ao + Y', Aim (t) + ~ Aim (t) 
l,m k'=ll-2 I
• C(k'2mOlk'2lm) C(k'2OOlk'210)}] YIm} 
when C is a Clebsch-Gordan coefficient (see e.g. [16] 
p. 513). In these summations the breathing mode with 
l = 0 is not included because incompressibility of the 
droplet is assumed. In addition Alm(t ) is undetermined 
in eq. (31) and consequently it cannot be considered in 
the scope of the present paper: in eq. (34) l>= 2 and 
k' => 2. The detection of the flow field changes can be 
imagined as follows. The macroscopic stress tensor (~), 
for the emulsion can be given by 
(~r) = (pressure term) + 2 r h (D)  (35) 
+ l im4 (I/2 - r/,) f (un + nu) dS +1 S Y UII as 
v-day av, V av, 
(see [17]). Here (D)  is the macroscopic rate of strain 
tensor, V is a volume, ~ Vp is the surface of the droplets 
C(12mol l2k 'm) C(12OOtl2k'O) Yk'm)]} 
(2k '+ 1) 5/1/2 
4-727+-17/ 
=a( l+ ZAtlm(t) Ylm), 
l,m 
(33) 
(34) 
Apparently for co-~ 0 the sphere is hardly deformed 
by the flow and e'tm-~ O. 
Because of the orthogonality of the Ylm'S condition 
(36) applies for each Ytm. In spite of the orthogonality 
the Arm'S can change due to the coupling with the 
applied flow field. These changes are detectable 
because the applied field is disturbed by the droplet 
according to (32). 
4.2 The viscosity l~ o at inifinite angular frequency 
According to eqs. (35) and (36) and the reasoning in 
section4.1 the stiess tensor at infinite angular fre- 
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quency can be given by: 
(~r)~_~ oo = (pressure term) + 2/]l (D)  
+ lira 1 (/]2-/]l) ~ (un + nu) dS. (38) 
V--, ce V ~V~ 
Apparently the droplet contribution to /]~ should be 
proportional to /]2-/]1. As far as we know no exact 
expression for/]oo (7 = 0) exists. It is possible, however, 
to give so-called Hashin-Shtrikman bounds [17], which 
/ (/+ I) 
u( r )  = 2(2 l+3)  A l r t+ I4  2 (2 l -1 )  
Here u is the velocity and p the pressure. The applied 
field is rotationally symmetric. Accordingly the vortex 
lines for a sphere placed in this flow are circles about 
the axis of z. Mathematically this is expressed by 
r.  rot u = 0 where r is the radius vector. Since the Alm'S 
should be small for the studied droplets the vector lines 
are close to circles about the axis of z. Without further 
justification the vortex lines are taken as circles sub- 
sequently. Thus the solution of (40) with the extra 
condition r. rot u = 0 is given by 
B/r-l+ lr z-I C/+ (- l -  1) Dzr-/-21 Y/m(O, 0), 
l+ 3 (2 - l) ] 
u(@ .= 2 (2 l+3) ( l+  1) Azr/+l+ 2 / (2 l -1 )  Btr-/+rZ-lCz+D/r-l-2 Y°m(O'~)' 
(41) 
(42) 
[12- l -3A/r /+ (12+ 31-  1) 
~r(rr) =/] 2l +~---3- (1 - 2l) 
 (rO) =,  
B j - l - l+ 2 l ( l -  1) r z-2 Cz + 2 ( /+ 1)(l + 2) D/ r -t-3 ] Ylm (0, q~), 
[ l(l+ 2) (l-1) (__/1) 1 ) 1 (l+1)(2l+3) A/r/+ l(2l Btr-Z-l+(2l-2) r/-Rc/+(-2l-4)D/r-/-3 Yt°(O'~)" 
(43) 
(44) 
are for/]1 == 112 
3/]1 + 2/]2 + 3 (/]2 -- /]1) q~ 
/]l 
3/]1 + 2/]2 - 2 (/]2 -/]1) q5 
5/]1 + 3 (/]2 -/]1) q5 
=</]oo =</]2 5/]2 - 2 (/]2 -/]1) qS' (39) 
if/]1 > /]2, the inequality signs must be reversed• It has 
been demonstrated [17] that for spheres at low con- 
centration /]oo equals the lower bound in (39). Con- 
sequently one expects for very small Aim'S /]oe to be 
close to this lower bound. 
4.3 Relaxation times of the normal modes of droplets 
In section 4.1 it is made clear that the deformation of 
the shapes of the droplet can occur in an harmonically 
oscillating Yz0-flow. Gradually all the normal modes 
are excited fully when co increases. To find the charac- 
teristic times of the normal modes, in a thought 
experiment an amplitude A}m is applied at time to on a 
sphere with radius a. When released the amplitude will 
decrease with some characteristic time rm. For the 
calculation of rzm one needs the boundary condition 
(36). In addition continuity of velocity is required at 
the surface. The Newtonian fluids are assumed to be 
incompressible. The Reynolds number is taken to be 
sufficiently small for the creeping motion equation to 
be valid in each fluid 
/] A u = Vp. (40) 
Here 
d 
YPm (0, O) = --~ Y/m (0, ~). (45) 
Formulae (41-44) can be deduced from the general 
solution of (40) given by Lamb [18]. Note that radial 
dependence is only dependent on/ .  For condition (36) 
y div n at r = a is needed. It can be calculated that 
2~ ? [  l l a / _ l ]  7div n= t- A}' a t+l + C;' 
a ~ 2(2•+3) 
• (l+ 2)(l- 1) Ylm(O,(9) (46) 
with A}' and C)' defined by dA'//dt=A~ and dC'//dt = 
C~ respectively, while A~ and C~ are the Al and Ct 
coefficients inside the droplets. Further the velocities 
and stresses hould be finite at r = 0 and r = ~.  
Summarized the boundary conditions (36) at r = a 
become 
for u (r) :  
l 
2 (2 l+ 3) 
A'za t+l + la t-1C'l 
(1+ 1) 
2(2 l -  1) 
B/a-l+ (- l -  1) Dta -z-2, (47) 
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for u (0): 
(l + 3) 
A'la l+1 +a/ -1  C~ 
2(2 /+3) ( /+  1) 
(2 / - / )  
- 2 / (2 / -  1) Bla-t+Dta-t-2' (48) 
for c~(rO): 
l(/+ 2) 
/]2 (l+ 1)(2/+ 3) A'ta 1+1 + (2 l -2 )  a I-1 C}] 
=~h ~(2l Bta - t+( -21-4)  Dta-Z-2 ' 
(49) 
for a ( r r ) :  
I 1=-1-3 +1 ] q2 21 +--------~ A} a + 2 l ( l -  1) a t-1 C) 
(D)  (namely (9)) in polar coordinates the magnitude 
of the rate of strain k is the coefficient of the P2 (cos 0) 
Legendre polynomial and not of the Y2,0 spherical 
harmonic (32). 
To calculate the G[s a relation is needed between the 
local deformation gradient e~ in the radial direction at 
the surface and the average applied deformation 
gradient 8, because the latter is involved in the macro- 
scopically stored energy per droplet (for a pure staining 
motion) 
3-- 
2 Gme 21  , (53) 
n 
with n the number of droplets per unit volume. 
Now 
1 
lim <Sp> =~ l im- -2 - -~p Jv (¢n+n{)dS 
09- - -+00 O9~OO 
(54) 
where ~ is the displacement vector and 
+ ( / -2 ) ( / -1 )  2 (2 l+3)  
ai+l A} ' + la 1-1 C}'] 
12+ 3 l -  1 
= 111 1 -2 l  
] 
Bla - t  + 2( l+ 1)( l+ 2) D/a -l-21 
J 
(50) 
and 
29, 
P0 =P6 - - -  (51) a 
at rest. 
The solutions of A}, C), Bt and Dt for this set of 
linear differential equations can easily be found sub- 
stituting for the unknowns their amplitudes at time to 
times exp[ ( t -  t0)/zt]. The set of equations has a solu- 
tion if the determinant of the coefficients is zero. After 
some calculations it turns out that 
- 1/2 0 i ]  e=l im 1 ~(¢n+n¢)dS=e 0 -1 /2  . 
v-~oo 2 V ev 0 0 
In a harmonic flow 
(55) 
lira (i co "e) : lim <Dp> 
fO --* ~ fO -'-> CX~ 
1 
= (un + u) dS (56) 
for which the linear part should be (38) proportional to 
(D> = i co 8. (57) 
T l ~ - -  
a ~/1 [E 2 (l + 2) ( / -  1) + (212 + 1)] [E (2 l 2 + 4 l + 3) + 2 / (l + 2)] 
I(l+ 1)( l+ 2) ( l -  1) (2 l+ 1) [E+ 1] 
(52) 
with E =/12//,]1, and l _-> 2. 
Apart from the fluctuations the radius R can be 
written as 
4.4 Determination f the emulsion relaxation 
strengths G t 
For co~ oe all the contributions Gl, m to G' are 
excited and the direct influence of 9, on the viscosity is 
zero (see section 4.1). The deformation gradient in the 
radial direction e' ]/5/4~ at the surface is no longer 
dependent on 1, m and will be denoted as e~. The 
factor ]/5/4~z arises from the fact that for a chosen 
R = a [1 + e~ P2 (cos 0)]. (58) 
Consequently in first approximation, using that 
2irn (Dp) is proportional to (55), and using (54) and 
(58) it holds that 
- 1/2 0 0 
lim (gp)=e~ 0 - 1/2 0 (59) 
O9 ---~ QO 
0 0 1 
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For the linear part of @)  proportional to the viscosity 
lira (tr) = (pressure term) + 2 ~/1 (D) 
O) --* O0 
+ l i ra  1 (q2 - ~]1) ~ (u .  + n U) dS  
~,v ooV 8v~ 
= (pressure term) + 2 ~?~ (D).  (60) 
(D> (61) 
Apparently 
lim (Dp)  - -  r im - -  q l  
o~-~ ~(q2  - ~)  
and using (56, 57, 59, 60) one finds 
Note that here still l and k' = 2 and Gt in (2) is 
l 
GI = ~ Gin. (66) 
m=-I 
Considering the Clebsch-Gordan coefficients it turns 
out that 
C(I-  1 200) I I -  1 2•0) = C(l+ 1 200[ l+ 1 210) =0.  
The remaining relevant coefficients are [19]: 
¢_3( l -m) ( l -1 -m)( l+m)( l~ l  +m) 
l(l 
_ 11oo - ~l  
~oo q~(g]2-- //1) e. (62)  CIm 
The energy stored in the extra deformation for a mode 
is for small amplitudes equal to 
WT, l, Wy, l,m = 7~1 a2(l - 1)(i+2)(A~2 A]m). (63) 
For A]m its expression given implicitely in (31) has to be 
inserted. Then a few points can be taken into account: 
the amplitudes Aim are  equally probable positive or 
negat ive  ((Alm) = 0) and not correlated if indices are 
different ((AlmAl,m) = 0 if l =t= l'). 
In a harmonically oscillating flow the linear term in 
e~m (representing the asymmetry term in the energy for 
a predeformed surface when deformed with 1 + e' Y20 
and 1 -~ '  Y20) will average out and be omitted here. 
This omission is consistent with the assumption that 
macroscopically the material is not predeformed, 
see (53). 
If 
/5  (2k'+ 1) 
Fk, = 4~ (21+ l) and 
Ck, m = C(k  t 2m O Ik' 21m) 
the result is 
,2 <m),,l,m _ m%l,m> = 12 ? a2( I -  1) ( l+ 2) elm 
[ ] • (~12(~mO + Z F2" C~'m C20<Ai 'm)  • (64) 
k'=l-2 
¢ Using eqs. (31, 53) and (62) with e~ = ~ e'tm 
GIm=[lya2(l-1)(l+2)c~126mO 
t+2 ] 2 (/5 ( qoo--~ ]2 (65) 
+2 -kTk'=,-2 • F~'C2'mC~'° "-5--a-~\q~(r/2-rh)] " 
3m 2 - l (1  + 1) 
V(2l-  1)l( l+ 1)(2/+ 3) 
(67) 
(68) 
/3  (1+ 2 - m) ( l+ 1 - m) ( l+ 2 + m) ( /+ 1 + m) 
C'+2m= V -~ 0--~ ]i ( -~ 2) (21 + 3) (2 l + 5 ) 
(69) 
4.5 Discussion of the emulsion results 
In the previous sections the relaxation times r/ and 
strengths Gtm of the complex viscosity ~/* for statistical- 
ly fluctuating droplets have been derived. For low 
volume fractions and T = 0 the well-known G* derived 
by Oldroyd [13] is found if the relevant ~/~ given by the 
lower bound of (39) for 4) ~ 0 is used. The steady-state 
viscosity is given by 
r/o = q® + ~ G~ ft. (70) 
l 
Striking is the influence of the ratio kT/4~ a 2 ~. This is 
shown in figures l and 2. The ratio kT/47~a2~ is
chosen as 0.02 and 0.2 respectively. The path of ~/* can 
change appreciably due to shape fluctuations of the 
droplets. Obviously the ~/o viscosity can be larger than 
the Taylor value due to deviations from the spherical 
shape. 
The validity of the derived formulae is limited, 
because IAlm I should be much smaller than unit. Using 
eq. (31) this implies that 
a q ( l -  1) (l + 2) 
2" 2 ~,~ ~ a 3 r / ,  
7 2kT 
thus 
, 2a 3 t/ a 2 
~2 ~-TU < D--~ 
(71) 
where Do = kT/6 n Jl a is the diffusion coefficient of a 
sphere with radius a. 
426 Rheologica Acta, Vol. 26, No. 5 (1987) 
],,0.3 
2.8 ! 
0 
2.5 
q 
[m Pas] 
Angular Frequency [.rad(s] 
2 
5 7 
10 10 10 
Fig. 1. Complex viscosity t/*= r / ' - iN"  of the thermally 
fluctuating droplet model as a function of the angular fre- 
quency with two/max parameter values for 4~ 7 a2 = 50 kT  
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Fig. 2. Complex viscosity ~/*= r / - i~ / '  of the thermally 
fluctuating droplet model as a function of the angular fre- 
quency with two/max parameter values for 4~ 7 a 2 = 5 kT  
This is a satisfactory condition because to be in the 
linear viscoelastic range a2/D ~ U 1 should hold (see 
[20]) and the longest relaxation time should be much 
smaller than the typical time k-i characterising the 
flow. The inequalities in (71) imply that the derived 
formulae are also valid in a shear field since the 
0.3 
1]" 
[mPa,] 
0 
2.5 
r 1' 
2.0 
1.5 
! 
t + -- o0.203 
t,--0.,Ts 
Angular Frequency [rad/s~ 
3 5 7 
10 10 10 
Fig. 3. Complex viscosity ~l* = ~l' - i 0" of a non-ionic micro- 
emulsion as a function of the angular frequency and with the 
volume fraction as parameter value fitted with the thermally 
fluctuating droplet model. Fitting parameters 7 = 22 _+ 2 - 106 
N/m, t/3 = 17 +_ 3 mPa s, a = 10 nm and/max = 8 
rotational time for the shear field is than much larger 
than z2. In figure 3 we applied the results to a micro- 
emulsion. Microemulsions are optically isotropic water- 
in-oil or oil-in-water l iquid systems, which form spon- 
taneously in the presence of a surfactant usually in 
combination with a cosurfactant (alcohol). For a 
certain overall composit ion and temperature the 
mixture becomes a dispersion of tiny oil droplets in 
water. It turned out [7] that for a particular micro- 
emulsion the amount of water can be changed without 
change of structure if a certain ratio of oil-surfactant is
kept constant. In figure 3 such a dilution series, with 
volume fractions ~b = 0.203, 0.175, 0.146, 0.118, is shown 
for a mixture of n-hexane, water and NNP7 (poly- 
oxyethylated (7)-nonylphenolether) with a constant 
wt/wt ratio of 1.2 for NNP7/hexane.  The series has 
been measured with a nickel tube resonator [6]. The 
radius of the droplets, estimated by dynamic light- 
scattering and a geometrical model, is about 10 nm. 
Obviously the viscoelastic effects are small. The error 
boundaries are about 2% of the r/-value. This is an 
empirical value including systematic and statistical 
contributions. Comparing the r/'-values for co ~ 0 with 
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the steady-state values of 0 for hard spheres in the 
linear range [20] the 0'-values appear to be slightly 
higher. Such a phenomenon can be explained by the 
present model where the increase of the viscosities with 
respect to those of hard spheres is due to small 
deformations of spherical droplets, characterized with 
a constant interracial tension 7. Since we deal here with 
a high volume concentration adjustments of variables 
in the formulae are necessary. Since the effect of single 
particles is pursued one can suppose that the effect of 
other droplets surrounding a considered roplet is the 
change of the effective viscosity outside file droplet 
surface. Thus some effective qeff should replace 01 in 
1 
the v[s. Here it is chosen to be g (00 + 0o). Secondly 
the droplet surface is mainly composed of surfactant 
molecules in a high concentration. This gives an 
interface with a viscosity 03 of 10 mPas or higher. 
Consequently the factor (0oo- 01)/q5(02- 01) has to be 
replaced by a factor close to (0~ - 01)/03 ~bs with q~s the 
volume fraction of this surfactant layer. 
If these modifications with two free parameters 0elf 
in rt and 03 ~bs are incorporated a fit is possible as 
shown in figure 3. The maximum /-value is according 
to Ljunggren and Eriksson [21] 
a 
2 ]/~ 2rain - 1. (72) 
Here .~min is chosen as 6 times the diameter of the 
NNP7 molecule resulting in/max = 8. 
In this f i t  0oo is a free parameter for all volume 
fractions. The interfacial voluminae ~bs are estimated 
on the basis of the measured specific density and the 
weighed amount of NNP7. The interface viscosity 03 is 
chosen to be the same for all microemulsions but 
otherwise to be fitted. Changing iteratively 0o and 03 
finally the interfacial tension 7 is deduced under the 
condition that it is the same for different volume 
fractions. It has been found that y= (22 +_ 2). 10 -6 
N m -1 and 03 = 17 _+ 3 mPa s. The order of magnitude 
of the derived tension is consistent with the mentioned 
values in the literature though it has never been 
measured before for these tiny droplets. The ratio 
4:zaZ~/kT  = 6.6. The ensueing structure is that of 
slightly deformed droplets dispersed in a water con- 
tinuous medium. This morphology is consistent with 
current concepts of microemulsions. 
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